Abstract. A calculation of the linearization coefficients of the (generalized) Laguerre polynomials L")(x) is proposed by means of analytic and combinatorial methods. This paper extends to the case of an arbitrary a a combinatoric and analytic result due to Askey, Ismail, and Koornwinder and Even and Gillis.
A(n'a) (-1) "'+''" +"m r (") (x) x"e-dx; ni i=1 B(n;A;a)= t(nT)(ix) x"e dx.
Also introduce the expressions:
(1.4) J(n;a)= and r(O/'+" 1) i= hi! A(n;a)
(1.5) hi! B(n;A;a).
J(n'A;a)=I'(a+ 1)
The first goal of the present paper is to give a combinatorial interpretation to J (n; a) and J(n; A; a), that is, to show that those two expressions are generating polynomials for permutations by certain statistics. In particular, J (n; c) will be shown to be the generating function for a special class of permutations, called m-derangements by the number of cycles.
To make it more precise let us now define those combinatorial objects. Let Mac, ]. It is also the purpose ofthis paper to state and prove such a theorem (see the/3-extension ofthe Master Theorem in 3 ). As shown in 5, that/J-extension, together with the calculations made by Askey and his coauthors, suffice to establish Theorem 2. We also give a truly combinatorial proof in 4, after having recorded the material on injection counting in 2.
The positivity of J(n; A; a) for other values of A is more difficult to handle. The combinatorial interpretation (1.7) brings no evidence of the positivity for an arbitrary a >--0. Koornwinder's inequality Ko says that when m 3, A (X, X, 1), then (1.9) a_0, 0=<5, -< J(n, A, a) >= 0.
Also the strict inequality holds when n 0 and 0 < h < 1. Inequality (1.9) is certainly a deep result. To derive further extensions for m > 3, Askey, Ismail, and Koornwinder As-Is-Ko] have used the orthogonality property of the Laguerre polynomials and also the so-called "old expansion" of the same polynomials. As it is (too) easy to prove both the orthogonality relation and the old expansion by combinatorial methods, we shall not concern ourselves with the general extension. We shall concentrate on re-proving Koornwinder's inequality (Theorem 3 of 6). The argument developed is very similar to the one developed by Ismail and Tamhankar Is-Ta] or Gillis and Zeilberger Gi-Ze]. We may say that the proof of Theorem 3 is the rewriting of the latter authors' paper using the spirit and method of the former ones.
2. Cycles. We will need three results that are fundamental in the current combinatorial interpretation of special functions. First, the generating function for the set of all the permutations on n elements by number of cycles is given by (see, e.g., Ri, p. 
Let =< k =< n and S be a (n k)-element subset of the n-element
[n]= { 1;2;... ,n }. From (3.3) and (3.6) with/3 n l --" . m.l)( cg(n)) -log V But v(3; r) 3v(r) for every connected permutation, so that X x'--I xnm I)(; (,(ll)) --t log hi! nm! and finally 3.5 holds because of (3.6). 
the binomial identity being used in the last step of that derivation. Thus, J(n;A;a)= W(r), which is exactly the statement of Theorem 2.
5. An analytical proof of Theorem 2. There is another way of expressing the Wweight. For each ordered pair (i, j of integers lying between one and m and each permutation r in (n) let "Yij "Yij(7r) be the number of elements x in Ai that are mapped Clearly, x* is uniquely defined and x x* is a bOection of A Inc z onto itself. Then Xcx)= fXcx)Xcx.) (xA Inc ). Then, Theorem 2 is proved by using the previous lemma.
6. Positivity. As mentioned in the Introduction, the positivity of J(n; A; a) for For an arbitrary a > 0 let us make use again of the argument of Gillis, Reznick, Remark. The idea of expressing the summation W(r) for a 0 as a square of a polynomial is basically due to Ismail and Tamhankar Is-Ta ], even though they made their calculations with the determinant V3 itself. The proof given above is only an adaptation of the derivation of Gillis and Zeilberger Gi-Ze to the permutation combinatorial set-up developed in this paper.
